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HEISENBERG UNCERTAINTY INEQUALITY FOR GABOR 

TRANSFORM 

ASHISH BANSAL AND AJAY KUMAR 


Abstract. We discuss Heisenberg uncertainty inequality for groups of 
the form K k R", K is a separable unimodular locally compact group 
of type 1. This inequality is also proved for Gabor transform for several 
classes of groups of the form K ix R". 


1. Introduction 

The uncertainty principle states that a non-zero function and its Fourier 
transform cannot both be sharply localized. The most precise way of for¬ 
mulating this principle quantitatively is the inequality known as Heisenberg 
uncertainty inequality. Let / be any function in L^(]R). The Fourier trans¬ 
form of / is defined as 

/(a;) = [ fix) dx. 

JR" 

The following theorem gives the Heisenberg uncertainty inequality for the 
Fourier transform on M: 

Theorem 1.1. For any / G T^(M), we have 

^ < (jiT |/(x)f dx)’''" I/MP (1.1) 

where || • ||2 denotes the L^-norm. 

For proof of the theorem, refer to [3]. 

The representation of / as a function of x is usually called its time- 
representation, while the representation of / as a function of u is called its 
frequency-representation. The Fourier transform has been the most com¬ 
monly used tool for analyzing frequency properties of a given signal, but the 
problem with this tool is that after transformation, the information about 
time is lost and it is hard to tell where a certain frequency occurs. To 
counter this problem, we can use joint time-frequency representation, i.e., 
Gabor transform. 
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Let ijj ^ L'^ (M) be a fixed non-zero function usually called a window func¬ 
tion. The Gabor transform of a function / E L^(M) with respect to the 
window function is defined by 

G^f : M X i ^ C 

such that 

G^fit,ui) = [ f{x) tpix -1) dx, 

Jr 

for all {t, w) E M X M. The following uncertainty inequality of Heisenberg- 
type has been proved by Wilczok m- 


Theorem 1.2. Let V' be a window function. Then, for arbitrary / E 
the following inequality holds 


dvr 


< 


\fix)\ 


\ 1/2 
^ dxj 


I 

Jr 


\ 1/2 

|G'i/,/(t, w)P dt du ) 

! / 


;i.2) 


The continuous Gabor transform for second countable, non-abelian, uni- 
modular and type I groups has been defined by Farashahi and Kamyabi-Gol 

in [3]. 

In section 2, we shall state the Heisenberg uncertainty inequality for the 
groups of the form K K M”, where K is a separable unimodular locally com¬ 
pact group of type I and prove it for the semi-direct product K x M”’ (where 
K is a compact subgroup of the group of automorphisms of M”). In section 
3, we shall discuss continuous Gabor transform and prove Heisenberg un¬ 
certainty inequality for Gabor transform on iL x M”’ (where K is a separable 
unimodular locally compact group of type I) that satisfy the Heisenberg un¬ 
certainty inequality for Fourier transform. The explicit forms of Heisenberg 
uncertainty inequality for Gabor transform are obtained for K x M”, K is a 
compact subgroup of Aut(M”); x K, K is separable unimodular locally 
compact group of type I; Heisenberg group ]HI„; Thread-like nilpotent Lie 
groups; 2-NPC nilpotent Lie groups and several classes of connected, simply 
connected nilpotent Lie groups. 


2. Extensions of R” 

Let G = K X R*^, where K is a separable unimodular locally compact 
group of type 1. For 7 E R”, let G^., K-y denote the stabilizer subgroup of 7 
in G and K respectively and let 

G-y = {u G G-y : u|]Rn is a finite multiple of 7 }. 

Then for u E G-y, the representation tTi, = ind^^ u is irreducible and 
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Since M"’ is abelian, any u € is of the form v = a®'), v{kx) = a(k)'^{x), 
k G K-y, X G M” and a G K^. 

We consider the indnced representations 

= indG^(7 0 a). 

The Plancherel formnla for G (for details, see [7]) takes the following form: 
Proposition 2.1 (Plancherel formula). For all / G L^(G), we have 


[ l/(5)l^ dg= [ f \\n^,aif)\\l dg^ia) 

JG JKX/GJK^ 

We now state the Heisenberg uncertainty inequality for G which has been 
proved, in particular cases of M” (see 0); Heisenberg group (see mm 
and my, X K (where K is a separable unimodular locally compact 
group of type I), Euclidean motion group M{n) = SO{n) x R” and several 
general classes of nilpotent Lie groups which include thread-like nilpotent Lie 
groups, 2-NPC nilpotent Lie groups and several low-dimensional nilpotent 
Lie groups (see my 


Theorem 2.2. For any / G L‘^{G) and a,b> 1, we have 

11/11^“+^) < g ( [ \fik,x)\^ dxdkY’^ 

kJkxr,^ J 

X 1 /L Y Il7f1k7,<7(/)||HS dg^ia) d^Kn(7), 

\JR^/G Jk^ 


2b 


(H) 


where C is a constant. 


We do not know whether the inequality (|H|) is true for K x R"', however 
we now prove the Heisenberg uncertainty inequality when K is a compact 
subgroup of Aut(R"'). 

Let G be the semi-direct product K x R"', where K is a compact subgroup 
of Aut(R"^). The Haar measure on G is dg = diy{k) dx, where dv{k) denotes 
the normalized Haar measure of K and dx denotes the Lebesgue measure on 
R". We shall now give more explicit description of the unitary dual space of 
the group G in this case which can be determined by Mackey’s theory. For 
more details, refer to [8]. 

Let £ be a non-zero real linear form on R”’ and let xt be the unit character 
of R” defined by , The natural action g ■(. oi G on the dual 

vector space of R” is given by 

{g-£,x) = {i,g~^xg), 

for g G G and x G R”". Therefore, if g acts on R"' by 

9 ■ Xeix) ■■= Xi{9~^xg), 
we get g ■xe = Xg-£- Define 

Ki = {k G K : k ■ xt = Xe}- 
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Then, the subgroup Kg t< is the stabilizer of Xi in G. We take the 
normalized Haar measure diyg on Kg and a normalized X-invariant measure 
diyg on KjKg so that 



dv{k) 



i{kk') dvg{k') dkg{kKg). 


Regarding the action of K on M"' which is isomorphic to M”, we set by 
dt the image of the Lebesgue measure on /K by the canonical projection 
W B i^l:= KI^ W/K such that 


f (p{i) di = f f (p{k.i) dv{k) 
JR" JR"/a: Jk 


dl 


Let a be an irreducible unitary representation of Kg and ^g^a be the com¬ 
pletion of the vector space of all continuous mapping ^ : iL —)■ which 

satisfies ^(fcs) = a{s)*{^{k)) for k ^ K and s ^ Kg with respect to the norm 

\ 1/2 


'K 


2 

2 ^ 


di'{k)j 


11^2 = 

The induced representation 

TTg^„ := ind^^^]Rn(cr(8)X£), 


realized on the Hilbert space by 
7r,,.(fe, x)e(s) = 

for ^ € J^g^a, {k,x) G G and s £ K, is an irreducible representation of G. 
Furthermore, every infinite dimensional irreducible unitary representation 
of G is equivalent to some representation vr^^o-- 

The Plancherel formula [H Theorem 7.44] can be stated in this particular 
case as follows: 


Proposition 2.3 (Plancherel formula). Let / G L^{G) nL^(G), then 

/ \f{k,x)\‘^ dx dk= [ '^hiADWmdl (2.1) 

JA'xR" JR"/A: ^ 

We shall now establish Heisenberg uncertainty inequality for Fourier trans¬ 
form on G. A particular case for the Euclidean motion group has been proved 

ini. 

Theorem 2.4. For any / G L‘^{G) and a, 6 > 1, we have 

11/11 ^“+^)[ iixf“ \f{k,xAdxdky‘' 

VjA'xR" / 



where C is a constant. 
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Then, the set B = {f £ L‘^{G) : ||/|| < 00 } forms a Banach space which is 
contained in L‘^{G). If 0 7 ^ / € L‘^{G) \ B, then the right hand side of the 
inequality ( 12 . 2 |] is always +00 and the inequality is trivially valid. 

Let S{G) denote the space of C°°-functions which are rapidly decreasing 
on G. It can be shown that S{G) is dense in B. Thus it suffices to prove 
the inequality (12. 2 p for functions in S{G). 

Let / € ‘^(G). Assuming that both the integrals on right hand side of 
ijMj) are finite, we have 



dx < 00 , for all k £ K. 


For k £ K, we define fk{x) = f{k,x), for every x £ M"’. 

Clearly, fk £ for all k £ K. 

Taking x = (xi,X 2 ,... ,Xn), y = {yi,y 2 , ■ ■ ■, yn) and proceeding as in the 
case of Euclidean motion group (see [21 Theorem 2.2]), we obtain 


_i_ 

2a 


. < ( / dx dk 

4vr - .. 

xf/ \yi\^ \?k{y)? dy dl^ 
\Jkx9x J 

Now, using Plancherel formula on M"', we have 

/ \yi\‘^ \fkiy)\‘^ dy dk 

JKxR^ 


2y 2a 


L 


\yi\ 


RxR" 


iKxl 


iKxl 


dy dk 


(2.3) 


[ /(A:,x) dx 

JR" 

|yiP \’^2,3,...,n+if{k,yi,y2,---,yn)\‘^ dyi dy2 ... dyn dk 
IdiP \^2f{k,yi,X2,...,Xn)\‘^dyidx2 ... dxn dk, 


(2.4) 


where denotes the Fourier transform in the variable. 

Qf 

Since, —— E S(G), we have 
ox I 
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for aW. k ^ K and Xi G M {i = 2,3,... ,n). 
So, yi^ 2 f{k,yi,X 2 , ... ,Xn) G L^(M) and 

Of 


— (A:,xi,X2,...,Xn) ) (yi) = 2myi^2f{k,yi,X2, ■ ■ ■ ,Xn), 


for all A: G -fT and Xj G M (i = 2,3,..., n). Then 

[ \yi\^ \’^2f{k,yi,X2,...,Xn)\^ dyi = ^ f ^ 

Using Proposition 12.31 we have 

/ \yi\'^ \^2f{k,yi,X2,...,Xn)\'^ dyi dx2 ... dxn dk 

JkxR” 


{k,Xi,X2, ...,Xn) 


dx 


1- 


XxR" 


df ,, . 

- - {k,Xi,X2, .■.,Xn) 

UX\ 


dxi dx2 ■ ■ ■ dxn dk 




/K 


crGKe 




dxi 


dt 


(2.5) 


HS 


Combining (12.3p . (I2.4ji and (12.5p . we obtain 


< 


'a:xi 


x|| “ \f{k, x)f dx dk 


2a 


2) 2 2a 


^/K 


E 

a£Ki 


'^i,o 


dxi 


V 

1/2 


di 


HS 


which implies 


l+(r 


< 


x||^“ \f{k,x)\'"‘ dx dk 


'KxR^ 


2a 


^IK 


E 

a&Ki 




dxi 


di 


HS 

( 2 . 6 ) 


For each non-zero linear form ^ on M"" and each irreducible unitary repre¬ 
sentation cr of K(^, consider the representation realized on the Hilbert 
space as 

7r,,,(fc,x)e(s) = 

for ^ G {k,x) G G and s G K. Since / G S{G), we observe that 


'^i^O 


S«« 


/. 


KxR'^ 


K 

dxi 


{k,Xi,X2, ... ,Xn) Tri^^{k,Xi,X2, ... ,Xn)*({s) dxi dx2 ... dxn dk 
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/ lim 

IkxR'^ ^->-0 


f{k, Xi + h,X2, . . . , Xn) - fik, Xi, X2, . . . , Xn) 

h 


7re^^{k,Xi,X2, .. .,Xn)*C{s) 


= lim — 

h^O h 


dxi dx2 ■ ■ ■ dxn dk 

f{k, Xi + h,X2, ■ ■ ■, Xn) TTe,a{k, Xi, X2, • • •, x„)*^(s) dxi dX2 ... dXn dk 


/RxR" 


= lim — 

h —^0 h 


/ f{k,Xi,X 2 ,...,Xn) 'Xe,a{k,Xi,X 2 ,...,Xn)*^{s) dxi dX 2 ... dxn dk 

JkxR^ 

/ f{k, Xi, X2, . . . , Xn) TTe^aik, Xi - h,X2,. ■ ■ , Xn)*^{s) dxi dX2 ... dXn dk 

JkxR^ 

f{k,Xi,X 2 ,...,Xn) '7ri^nik,Xi,X2,...,Xn)*C{s) dxi dX 2 ... dXn dk . 


'KxR^ 


(2.7) 


Let ei = {1,0,0,... , 0} € M"', then we can write 

T^i,a{k, Xl-h,X 2 ,..., Xn)*({s) = TTe^aik-, X - hei)*({s) 

= e-i{ks-H^-hei)s) ^(fc-lg) 

— J{i,s~'^{hei)s) -i(£,s-^xs) p(y-l 


= e 


^{k s) 


= e"h(i,s vr£^^(A;,xi,X2,... ,Xn)*^(s). 

Equation (j2.7l) can be written as 

df 


pih{l.,s~^e\s) _ 1 

= lim 

/n-O 


h 


/ f{k,Xl,X2,...,Xn) 

JkxR^ 

X T^t,cr{k-, Xl, X 2 , . . . , Xn)*^{s) dxi dX 2 ■ ■ ■ dXn dk 


= lim 


^ih{i,s ^eis) _ 

h 


'^e,aif)^{s) 


= i{£,s ^eis) 7i:e,M)C{s)- 

Since s i-)- s“^eis is a continuous map from K to M", so {s“^eis : s G K} is 
bounded. For any orthonormal basis {^j} of we have 


7r£,c 


dxi 


= v f 


\i{£,s ^eis) TTi^n{f)ij{s)\^ ds 


HS Jh 


K 


< const. \\l\\^ k£,a(/)^j(s)P ds = const. \\if\\TTi,M)\\HS- 
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So, (I2.6p can be written as 

,1+f 


2 


\ f{k, x)\^ dx dk 


' KxR^ 


Using Holder’s inequality, we have 


VK 


> 


V-K 


E M“lkv(/)llHS « 

cr&Ki 

E II^v(/)IIhs dl 


cfGKi 

which implies 


2a 


T-jK 






( 2 . 8 ) 


i-i 




heAf)\\us di 


aGKf 


-'■jK 


E ii^v(/)iihs dl 


< 


creKi 


Combining (j2.8p and (|2.9p . we obtain 


.a^bJ < (J 


^jK 




cr^Kf^ 


If 


(2.9) 


x|f“ \ f{k,x)f dx dk 


' KxR’^ 


_1_ 

2a 


^jK 


E ii'’ii“ii'v(/)ii 


2 

HS 


a£K(, 


□ 


3. Continuous Gabor Transform 

Let "H be a separable Hilbert space and let B{H) denotes the set of all 
bounded linear operators on %. An operator T G H('H) is called Hilbert- 
Schmidt operator if and only if 

E \\Te.kf < oo, 

k 

for some, and hence for any, orthonormal basis {ck} of Td. We denote the 
set of all Hilbert-Schmidt operators on T-i by HS(?^). For each T G HS('H), 
the Hilbert-Schmidt norm ||r||HS of T is defined as 

mils :=Eii^e^ii'- 

k 

Also, HS('H) forms a Hilbert space with the inner product given by 

(r,5)HS(w)=tr(5*r). 

For more details, refer to [4]. 
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Let G be a second countable, non-abelian, unimodular and type I group. 
Let dx be the Haar measure on G. Let dn be the Plancherel meaure on G. 
For each (x, tt) £ G x G, let 

= 7r(x)HS(?^^), 

where 7r(x)HS(?^7r) = {vr(x)T : T £ HSI'Htt)}- Then, 'H[x,-k) is a Hilbert 
space with the inner product given by 

(7r(x)r,7r(x)S’)-H(^_^) =tr(S'*r) = (T, S’)hs(«,,)• 

One can easily verify that = HS(^ 7 r) for all (x,7r) £ G x G. The 

family iT)eGxG Hilbert spaces indexed by G x G is a field of 

Hilbert spaces over G x G. Let 'H'^{G x G) denote the direct integral of 
7 r)GGxG respect to the product measure dx dir, i.e., the space 

of all measurable vector fields F on G x G such that 

dx dvr < cx). 

'h?{G X G) is a Hilbert space with the inner product given by 

(F,F:).^2(g'xg) = / [F(x,7r)iL(x,7r)*] dx dir. 

^ G\G 

Let / G Gc(G), the set of all continuous complex-valued functions on G 
with compact supports and ip he a fixed non-zero function in L?‘{G) which 
is sometimes called a window function. For (x, n) £ G x G, the continuous 
Gabor Transform of / with respect to the window function ip can be defined 
as a measurable field of operators on G x G by 

G^/(x,7r) := / f{y)ip{x-^y)Tr{y)*dy. (3.1) 

Jg 

The operator-valued integral (j3.1j) is considered in the weak-sense, i.e., for 
each (x, tt) G G X G and (,,r] £ Tin, we have 

(G^/(x,7r)^,r/) = f f{y) ip{x-^y) {7r{y)*C,'n) dy. 

Jg 

For each x G G, define ft : G —>■ C by 

ftiv) ■= fiv) i^ix~^y)- 

Since, / G Gc{G) and ip £ Lp‘{G), we have ft £ L^(G) PI L‘^{G), for all 
X G G. The Fourier transform is given by 

/x (tt) = [ ftiy) vr(y)* dy = [ f{y) ip{x-^y) TT{y)* dy = G^/(x,7r). 

Jg Jg 

Also, using Plancherel theorem [U Theorem 7.44], we see that fti'x) is a 
Hilbert-Schmidt operator for almost all tt G G. Therefore, G^/(x,7r) is a 
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Hilbert-Schmidt operator for all x G G and for almost all vr G G. As in [3], 
for / G Gc(G) and a window function ijj G L?‘{G), we have 

\\G^f\\H-(G^d) = W'^h II/II2. 

The above equality shows that the continuous Gabor transform G^ ; Cc{G) —)■ 
'H^(G X G) defined by / e-)- G^f is a multiple of an isometry. So, we can 
extend G^ uniquely to a bounded linear operator from L?‘{G) into a closed 
subspace H of 'h?‘{G x G) which we still denote by G^ and this extension 
satisfies 


I|Gv>/II^2(gxG) = W^h II/II 2 , (3.2) 

for each / G L?‘{G). We now prove an important lemma. 

Lemma 3.1. Let / G L‘^{G) and 1 /^ G L‘^{G) be a window function. Then 

G,pf ix, 7 r) = fti-ir). 

Proof. Let / G Lp‘{G). Since Gc(G) is dense in L?‘{G), there exists a sequence 
ill Gc(G) such that / = lim in the L^-norm. It follows that 

n—>-oo 

G^ : L^{G) G 'H‘^{G x G) 
satisfies G^f = lim G^^„ in the 'h?{G x G)-norm and 

^ n—>-oo ^ 

G^(/>n(x,7r) = ((/>n)x(vr). 


Now, ||G^/ - Gb'/’rill-H2(G'xG) ^ G “ G'^<(>n(a;,7r)||Hs dx dvr 

^ G ^ G 

= [ L\\Gijf{x,TT) - {4>n)ti'n-)\\us dx dir 

Jg Jg 

and llV'lli 11/- = / |i/>(x)|^ dx [ \{f - 4>n)iy)\ 

Jg Jg 


G JG 


dy 


l(/ - <i>n){y)? dx dy 



G Jg 


G Jg 



gjg 


\f{y) ^y) - 4>n{y) Hx dx dy 

\{fi - {Mt){y)\^ dx dy 
ll/x (vr) - i(pn)t{7r)\\ns dx dvr. 


Hence, G.^f {x,7r) = /x (tt) for all / G L‘^{G). 


□ 
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We now establish Heisenberg uncertainty inequality for Gabor transform. 
Let G = K t< M”, where K is a separable unimodular locally compact group 
of type I. The continuous Gabor Transform of / with respect to the window 
function can be dehned as follows; 

G^f{u,t,'y,a):=[ TT^^„{k,x)* dx dk, (3.3) 

Jg 

where x) = f{k,x) 'ip{ku~^,x — t), {u,t) € G, 7 G M"- and a G K-y. 

Also, the equality in Lemma l3 .1 1 takes the following form: 

G^f{u,t,j,a) = TTy^aiftt)- (3-4) 


Theorem 3.2. Let G = K M" satishes the inequality (jH]) and ip he a 
window function. For o, 6 > 1, we have 



(3.5) 


Proof. Assume that both integrals on the right-hand side of (13.5p are hnite. 
Since fP^^^ G L‘^{G) for all (u, t) G G, so by using inequality m for a = 6 = 1 , 
we have 

WfttWl I ||a;|p \ ft,tik,x)\‘^ dx dk') 

\JkxR^ J 


1/2 


VG JK..! 


^-y,^iftt)\\HS dny{a) (i/XR„(7) 


Also, by Proposition 12.31 and (13.4p . we have 
L /_ l|G'7/(ir,t,7,cj)||^s diay{a) dfl^r^i^) 

JR^/G JK., 

= L d^iy{a) dp^r^ij) = ll/^illi- 

Jr^/g Jk.., 

On combining (13.6p and (13.7p . we obtain 


JR^/G 

< c 


/_ I|G'v./(^^,L7W)IIhs diiy{a) d^Kn(7) 

JK-f 

r \ 

/ \\xf \fttik,xA dx dk] 

'RxK" / 


1/2 


VG JK.y 


^7w(/i)llHS diay{a) dfl^ui-f) 


(3.6) 


(3.7) 
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which holds for almost all (tt, t) G G. Integrating both sides with respect to 
du dt and then applying Cauchy-Schwarz inequality, we have 


/ /_ /_ \\G^f{u,t,-i,a)\\^ dfi^ia) dfi^ni-f) du dt 

JA'xK" JK"/G JK-y 

<c[f [ ||x|p dx dk du dA 

V^-KxR" JkxR^ ’ / 


\ 1/2 


1/2 


iKxl 


in ./TOn 


/G 


7i7.<^(/i)llHS dix^{a) d^R„( 7 ) du dt 


= C 


/ / IkiP l/(^)3;) X —dx d/c dii dt I 

IkxR” JkxR" J 


\ 1/2 


1/2 


/iCx 


./T»n / 


= ^ 111^112 


^ lk 7 ,^(/i)llHS dii^{a) dpR™( 7 ) du dt 
/G Jk'-, ^ 

r 

' ||x|p |/(/c, x)|^ dx d/c) 

XxR" / 


/ATxH 


/- 


1/2 


/G 


ii 7 ,<^(/Jt)llHS d/j.^((T) d^R„( 7 ) du dt 


Using (13.211 and (j3.4jl . we get 


2 IIJ Il2 


< C 


\ 1/2 


'A'xK" 


|x|| \f{k, x)f dx dkj 

||G^/(ii,t,7,ii')llHS dny{a) d7xRn(7) du dtj 

(3.8) 


\JKxR’^ JR”-/G JKj 

Applying Holder’s inequality, we have 


x|p“ \ f{k, x)|^ dx dk 


’KxR" 


|/(fc,x)p dx dk 


'KxR^ 


1--1 


> 

and 


[ ||2i|P |/(/c,x)p dx dk 

JkxR’^ 


(3.9) 


126 


/a:xR" dR"/G JKj 


||G^/(tt, t, 7, ct) IIhs d^^{a) djl^n{'y) du dt 


iKxR^ JR"/G 


L L l|G'b/(^i^>7,i^)llHS dfi^{a) d;URn( 7 ) du dt 
Jr"/gJk-, , 


i-i 


X 
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> 


d^y{a) du dt. 

JKxR’^ JR’^/G JK-y 


(3.10) 


Combining (|3.8p . (|3.9p and (|3.10l) . we have 

liv^lb ll/lli 

<C'f/ \\x\\‘^‘^ \f{k,x)\‘^ dx dk) {\\f\\l)h-^ 

VJA'xK" / 

^ ( / l|G'b/(^>^>7,0-)llHS d^]Rn( 7 ) du dt 

\JkxR’^ Jr'^/g JKj 

xml ii/iii)^-^- 


Thus, we have the required inequality (|3.5I) . □ 

Example 3.3. We give the explicit expression of the Heisenberg uncertainty 
inequality for Gabor transform in the following cases: 

(1) Euclidean group M”'. 

Il<^lll <c( [ Wxf \f{x)f dx 

XJR'^ 

j_ 

X ( ! r llwf** \\G^f{t,uj)\\'^s dt 



(2) X K, where K is a separable unimodular locally compact group 
of type I. 

ll^lll 11/112“"^'’^ - ^ ( f 11 ^ 11 ^“ \fix,k)\‘^ dx dk) 

XJR^xK J 

x([ [ ^ \\zf^ \\G,pf{t,u,z,'y)\\‘^s dz d-f dt du 

\JR"xK Jr^xK 

(3) Heisenberg Group ]HI„ (see [I2])- 

Ill'll! ll/ll^•■"'Gc(/ \tf‘\nz,t)f dzdt 

x( [ [ ||G^/(/,t',A)||^s \XrdXdz'dt'Y 

\Ju„ Jr* / 
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(4) K X M"', where X is a compact subgroup of the group of automor¬ 
phisms of M"’. 


(i + D < C f / \f{k,x)\^ dx dk 

KxR'^ 


2a 


2h 


/a'xR" Jr"/G 


i\2b 


\\G^f{u,t,£,a)\\‘^s d£ du dt 


(5) A class of connected, simply connected nilpotent Lie groups G for 
which the Hilbert-Schmidt norm of the group Fourier transform 
7rg(/) of / attains a particular form (see [2]). 


I \\f\\y^ <G 


'G 


x\r \fix)r dx 


2a 


1 


(6) For thread-like nilpotent Lie groups (see [6]). 

1 ('i + i'l / /■ n „ \ ^ 

i 2 ‘ ii/iir 

\JG 


G Jyv 


<G^JJxr'^ \f{x)\^ dx 

lief' \\G^f{y,mls 


(7) For 2-NPC nilpotent Lie groups (see pQ), let {0} = go C gi C • • • C 
gn = g be a Jordan-Holder sequence in g such that g™, = ^{g) and 
f) = gn- 2 - We have the following two cases: 

(a) dim[g,gm+i] = 2. 


(a+i) <ci I l|x|p“ |/(x)|^ dx 
\2b 



j_ 

2a 


1 


I|Gv>/(2/>0IIhS dC 

(b) dim[g,gm+i] = 1- 


(a + b) <ci I ||xf“ |/(x)|^ dx 



XI// \\G^f{y,owls |Pf(OI d^ 

Ig Jw 


j_ 

2a 
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(8) For connected simply connected nilpotent Lie groups G = exp g such 
that g(^) C [g,g] for all ^ € ZY (see [TT|i. 


(i+i) 


< c 


X||2“ \f{x)\^ dx 


'G 


2a 


GJW 




(9) For low-dimensional nilpotent Lie groups of dimension less than or 
equal to 6 (for details, see [9]) except for ^ 6 , 12 , ^ 6 , 14 , ^ 6 , 15 , 

^ 6 , 17 , one can write an explicit Heisenberg uncertainty inequality 
for Gabor transform. 
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